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1 Series

Let an be a sequence. Form a new sequence Sn by

Sn =
n∑︂

i=1

ai.

Write
∞∑︂
i=1

ai for the sequence Sn; it converges if the sequence Sn converges.

Recall that by the Cauchy Convergence Theorem, Sn converges if and only if Sn is a
Cauchy sequence:

|Sn − Sm| < ε provided m,n > N = N(ε).

In particular, taking m = n− 1,

Sn − Sm = a1 + · · ·+ an − (a1 + · · ·+ an−1) = an,

so an → 0 as n → ∞.

2 Geometric Series

For c ∈ R,
∞∑︂
i=0

ci =
1

1− c
,

which converges for |c| < 1, and is divergent for |c| = 1 and |c| > 1.

3 Harmonic Series
∞∑︂
n=1

1

n
is divergent. It sits inside a larger family:

∞∑︂
n=1

1

nα

{︄
divergent α = 1,

convergent (integral test) α > 1.
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4 Absolute Convergence

∞∑︂
n=0

an is absolutely convergent if
∞∑︂
n=0

|an| converges. It is easy to see that absolute con-

vergence implies convergence.

Alternating harmonic series.

∞∑︂
n=1

(−1)n

n
, an =

(−1)n

n
, |an| =

1

n
.

The series of absolute values is the harmonic series, which diverges. The partial sums Sn

oscillate: S1 = 1, then S2, S3 close in toward the limit from alternating sides.

5 Series with Nonnegative Terms

For
∞∑︂
n=0

an with an ≥ 0 for all n, the partial sums Sn are increasing. Hence Sn converges

if and only if Sn is bounded from above.

6 Convergence Tests

Three tests: (1) comparison, (2) ratio, (3) root.

Comparison Test, Version 1

Theorem 1 (Comparison Test, Version 1): Given

∞∑︂
n=0

an and

∞∑︂
n=0

bn with 0 ≤ an ≤ bn:

if

∞∑︂
n=0

bn is convergent, then

∞∑︂
n=0

an is convergent.

Proof. By the Cauchy Convergence Theorem. Let Sa
n = a1+· · ·+an and Sb

m = b1+· · ·+bm.
For m ≤ n,

|Sa
n − Sa

m| = |am+1 + · · ·+ an| ≤ bm+1 + · · ·+ bn = Sb
n − Sb

m.

Q.E.D.

Example.

∞∑︂
n=1

2−n

n
. Is this convergent? Set an =

2−n

n
and bn = 2−n. Then 0 ≤ an ≤ bn,

and
∑︁

bn is a convergent geometric series with c = 1
2
. Therefore an is convergent too.

Comparison Test, Version 2 (Limit Comparison)

Theorem 2 (Comparison Test, Version 2): Given

∞∑︂
n=0

an and

∞∑︂
n=0

bn with an, bn ≥ 0 and

bn ̸= 0, suppose

lim
n→∞

an
bn

= L, L ̸= 0, L ̸= ∞.
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Then
∑︂

an converges if and only if
∑︂

bn converges.

Example.

an =
∞∑︂
n=2

1

n2 − 1
, bn =

∞∑︂
n=2

1

n2
,

1

n2 − 1
>

1

n2
.

Then
an
bn

=
1

n2−1
1
n2

=
n2

n2 − 1
=

1

1− 1
n2

→ 1.

Ratio Test

Based on comparison between geometric series. For
∞∑︂
n=0

an, let

lim
n→∞

⃓⃓⃓⃓
an+1

an

⃓⃓⃓⃓
= a.

1. a < 1 =⇒ convergent.

2. a > 1 =⇒ divergent.

3. a = 1 =⇒ test is inconclusive.

Proof of Case 1. We need to show that if lim
n→∞

⃓⃓⃓⃓
an+1

an

⃓⃓⃓⃓
= a < 1 then the series is conver-

gent. Given a with a < α < 1, there exists N such that for n ≥ N ,⃓⃓⃓⃓
an+1

an

⃓⃓⃓⃓
≤ α, i.e. |an+1| ≤ α|an|.

Then, starting at n = N :

|aN+1| ≤ α|aN |, |aN+2| ≤ α|aN+1| ≤ α · α|aN | = α2|aN |,

and this continues for all subsequent terms. Q.E.D.

Proof of Case 2. a > 1. This time choose α with 1 < α < a. For n ≥ N ,⃓⃓⃓⃓
an+1

an

⃓⃓⃓⃓
≥ α =⇒ |an+1| ≥ α|an|.

This means the tail does not go to zero, and the series diverges. Q.E.D.

Root Test

For
∞∑︂
n=0

an, consider
n
√︁

|an| = |an|1/n. Suppose

lim
n→∞

n
√︁

|an| = c.

1. c < 1 =⇒ convergent.

3



2. c > 1 =⇒ divergent.

3. c = 1 =⇒ inconclusive.

Proof of Cases 1 and 2. Suppose lim
n→∞

n
√︁
|an| = c < 1. There exists N such that for

n ≥ N ,
n
√︁

|an| ≤ γ =⇒ |an| ≤ γn = bn.

If γ satis�es c < γ < 1, then bn = γn is a convergent geometric series and
∑︁

an converges.
If instead c > 1 and γ satis�es 1 < γ < c, then γn is a divergent geometric series and∑︁

an diverges. Q.E.D.

7 Power Series
∞∑︂
n=0

xn is convergent if |x| < 1. In general, if an is a sequence, then

∞∑︂
n=0

anx
n

is a power series. Examples:

exp(x) =
∞∑︂
n=0

xn

n!
, cos(x) =

∞∑︂
n=0

(−1)nx2n

(2n)!
, sin(x) =

∞∑︂
n=0

(−1)nx2n+1

(2n+ 1)!
.

The central question: for which x does
∞∑︂
n=0

anx
n converge?

Example.

∞∑︂
n=0

xn. For each �xed x this is the geometric series: it converges for |x| < 1

and diverges for |x| ≥ 1.

Example.

∞∑︂
n=0

xn

n!
. For what x does this converge? For x ̸= 0, let bn =

xn

n!
. Then

⃓⃓⃓⃓
bn+1

bn

⃓⃓⃓⃓
=

⃓⃓⃓⃓
⃓

xn+1

(n+1)!

xn

n!

⃓⃓⃓⃓
⃓ =

⃓⃓⃓⃓
xn+1 n!

xn (n+ 1)!

⃓⃓⃓⃓
=

⃓⃓⃓⃓
x

n+ 1

⃓⃓⃓⃓
→ 0.

By the ratio test, this is convergent (for all x).
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