Lecture 7: Bolzano—Weierstrass Theorem, Series

Conor

August 6, 2026

1 Cauchy Convergence Theorem

Any Cauchy sequence is convergent. The proof uses the Bolzano—Weierstrass theorem,
i.e. that any bounded sequence has a convergent subsequence.

2 Proof of the Bolzano—Weierstrass Theorem

Theorem 1 (Bolzano-Weierstrass): Any bounded sequence has a convergent subse-
quernce.

Proof. Take a,, € [0,1]. We want to find a subsequence a,, and two other sequences by, ¢y,
where
by, < ap, < c,

so that a,, is squeezed between the two others. We arrange by, increasing and ¢, decreas-
ing, with by < ¢; and b; < ¢;. We can then use the squeeze theorem to prove that a,, is
convergent: if by — b and ¢, — ¢ with b = ¢, then a,, converges to that common value.
Construct the sequences by repeated bisection. Start with by = 0, ¢4 = 1, and
ap, = Ay, SO
0=b1<a, <c =1

,%] Let a,, be the second element in the original

Assume infinitely many a, lie in [0
sequence that lies in [0, %], and set by = 0, cp = %
Now assume infinitely many a,, lie in [{, . Let a,, be the third element in the original

sequence that lies in [}, 1], and set by = 7, ¢z = 1.
By induction, a,, converges. Q.E.D.

3 Series

Let a, be a sequence. Form another sequence S, by

S

Sl = daq, 52:a1+a2, 53:a1+a2+(13, Sn: Q;.

S,, is said to be a series.



4 (Geometric Series

Consider

This is very useful for comparing to other series. Note that

n n
E = E c,
i=0 i=1

and to denote the limit of the series we use > .~ a;.
Since

(1- C)ZCi =1,
i=0

assuming ¢ # 1,

n
Z ¢ = 1t
: 1—c
=0
o
Theorem 2 (Geometric Series Convergence): The geometric series Zc’ is convergent
i=0
if || < 1 and divergent if |c| > 1. Moreover, if |c| < 1 the limit is
1 =N
= c'.
1—-c Z
=0
Proof. Assume |c| < 1. Then
n
1 Cn—H 1
Sp = ¢ = )
1—c 1—c
=0
since [T = |¢|"T — 0.
Assume instead |c¢| > 1. Then
St = Sal =" = [e["* > 1.
This is no longer a Cauchy sequence, therefore it does not converge. Q.E.D.

5 Harmonic Series

oo
1
Theorem 3: g — does not converge.
n
n=1

Proof.
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Claim 4: Syn_y = Zzl n > 5
For n = 1: we want to show S; > % Since S; = 1, the claim is okay for n = 1.
Assume the claim is correct for n; show it is correct for n + 1. We want to show
Sy > % Since Sy = %, the claim is okay for n = 2.
By induction the claim is always true. Since n can be arbitrarily large, the theorem
is proven true. Q.E.D.

6 Necessary Condition for Convergence

[e.9]

For a series Zan, always check whether a,, — 0. Since S, — S,,_1 = ay, if a, does not

n=0
tend to 0 then the series does not converge.
o

If a, > 0, then S, is increasing: for Z Qs

n=0

n

Sn+1 = Zai + apy1 = Sn + apy1 > Sn
=0

7 Absolute Convergence

[e.9] o0

Z a, converges absolutely if Z |a,| converges.

Theorem 5: Absolute convergence implies convergence.

n

Proof. Let S, = Zai and S,, = Z la;|. For n > m,

=0 =0
|Sn - Sm| - |am+1 + Am+2 +---+ a'n| S |am+1| + |am+2| +---+ |an| - gn - §m~

S, is a Cauchy sequence because it converges. Because |S,, — Sp| < [Sp — S|, S, must
converge t00. Q.E.D.

, called the alternating harmonic series, is convergent but not ab-

00 1)
Example. Z (1)
n

n=1
solutely convergent.

8 A Convergent Series: > 1/n?

o0

: _ 1 : _ N1
E 5 18 convergent. Here a, = =3 > 0, so we need to show the partial sums S,, = > " | =
n=1
are bounded.
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Claim 6: Sy 1 <Y (3)' < =2,

-~
Il

o
D=

where the middle expression is a geometric series with ¢ = %, hence convergent.

Proof. For n =1: §; < 1. We need to show this; since S; = 1, okay.

n—1
Assume Son_; < Z (%)1; we want to show it for n + 1. Then
i=0
antl_1 1
Son+1_1 = Son_1 + ;ﬂ 2
S SQn_l + 2 2_”
n—1 1 n
1y 1\¢
=2 (@) +5:=2.0) OK
i=0 1=0
By induction, converges. Q.E.D.

9 Convergence Tests

To determine if a series converges there are a number of tests: comparison test, ratio test,
root test, integral test, alternating series test.

Comparison test. Given Z a,, and Z b,: if 0 <a, <b, and b, — b, then a,, — a.

n=0 n=0



