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Convergence
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August 27, 2026

1 Two Notions of Convergence

Let fn : I → R and f : I → R. There are two notions of convergence.

1. Pointwise convergence: fn → f , with x �xed.

2. Uniform convergence: for all x,

∀ε > 0 ∃N such that n ≥ N =⇒ |fn − f | < ε ∀x.

Example 1: Let I = [0, 1] and

fn(x) = xn, f(x) =

{︄
0 0 ≤ x < 1,

1 x = 1.

Then fn → f pointwise, but fn ̸→ f uniformly.

Note: Pointwise convergence is not enough to guarantee that the limit of continuous
functions is continuous.

2 Uniform Limits of Continuous Functions

Theorem 2: Let fn, f : I → R with

(a) fn are continuous,

(b) fn → f uniformly.

Claim 3: f is also continuous.

Proof. Given ε > 0, there exists N such that if n ≥ N ,

|fn(x)− f(x)| < ε

3
∀x ∈ I.

This comes from the de�nition of uniform convergence.
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Since fN is continuous, then for any �xed x0 there exists δ > 0 such that

|x− x0| < δ =⇒ |fN(x)− fN(x0)| <
ε

3
,

by the de�nition of continuity. So for |x− x0| < δ,

|f(x)− f(x0)| ≤ |f(x)− fN(x) + fN(x)− fN(x0) + fN(x0)− f(x0)|
≤ |f(x)− fN(x)|+ |fN(x)− fN(x0)|+ |fN(x0)− f(x0)|

<
ε

3
+

ε

3
+

ε

3
= ε.

Q.E.D.

Example 4: Let

En(x) =
n∑︂

k=0

xk

k!
.

The En(x) are all continuous, and by the Weierstrass M -test En → E, where

E(x) =
∞∑︂
k=0

xk

k!
,

is uniform on any �xed interval [−L,L]. By the theorem just proved, E(x) is also con-
tinuous.

3 The Metric Space C([a, b])

Let I = [a, b]. Then C([a, b]) has a natural metric: for f, g ∈ C([a, b]),

d(f, g) = max{ |f(x)− g(x)| | x ∈ I }.

Proposition 5: fn → f uniformly ⇐⇒ fn → f in the metric space
(︁
C([a, b]), d

)︁
.

Proof.

|f(x)− fn(x)| ≤ ε ∀x ⇐⇒ d(fn, f) ≤ ε ∀x.

Therefore if fn → f uniformly, then d(f, fn) → 0, which holds if and only if fn → f in
the metric space. Q.E.D.

Theorem 6: The metric space
(︁
C([a, b]), d

)︁
is Cauchy complete.

Proof. Let fn ∈ C([a, b]) be a Cauchy sequence. Then there exists f ∈ C([a, b]) with
fn → f in the metric d.

We �rst construct f as follows. Fix x ∈ [a, b]. Then

|fn(x)− fm(x)| ≤ max
z∈[a,b]

{︁
|fn(z)− fm(z)|

}︁
.

Claim 7: This implies fn(x) ∈ R is a Cauchy sequence in R.

2



This is the case because, given ε > 0, since fn is a Cauchy sequence in (C(I), d) there
exists N such that for n,m ≥ N ,

|fn(x)− fm(x)| ≤ d(fn, fm) < ε.

Since R is Cauchy complete and fn(x) is a Cauchy sequence, fn(x) → f(x), so fn → f
pointwise.

Given ε > 0, since fn is a Cauchy sequence in (C(I), d), there exists N such that for
n,m ≥ N ,

|fn(x)− fm(x)| <
ε

2
∀x.

Fix n ≥ N and let m → ∞:

|fn(x)− f(x)| ≤ ε

2
∀x =⇒ sup

x∈I
|fn(x)− f(x)| ≤ ε

2
= d(fn, f) < ε.

This is the same as saying fn → f uniformly, and therefore f is also continuous. Q.E.D.

Remark:

∞∑︂
n=0

anx
n inside the radius of convergence.

4 Integration under Uniform Convergence

Theorem 8: Let [a, b] be given, fn ∈ R([a, b]), and fn → f uniformly.

Claim 9: f ∈ R([a, b]) and ∫︂ b

a

f dx = lim
n→∞

∫︂ b

a

fn dx.

Proof. We want to show f ∈ R([a, b]). Use that all we need to show is: given ε > 0,
there exists a partition P of [a, b] such that

U(f, P )− L(f, P ) < ε.

Since fn → f uniformly, there exists N such that for n ≥ N ,

|fn(x)− f(x)| < ε

3(b− a)
.

Let P have dividing points xi, with subintervals [xi−1, xi]. Then

f(x) ≤ fn(x) +
(︁
f(x)− fn(x)

)︁
≤ fn(x) + |f(x)− fn(x)| < fn(x) +

ε

3(b− a)
,

so
M f

i = sup
[xi−1,xi]

f ≤ sup
[xi−1,xi]

fn(x) +
ε

3(b− a)
= M fn

i +
ε

3(b− a)
.

Likewise for the in�mum, with mf
i = inf [xi−1,xi] f and mfn

i :

mfn
i − ε

3(b− a)
≤ mf

i ≤ M f
i ≤ M fn

i +
ε

3(b− a)
. (∗)
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Recall ∑︂
i

mf
i ∆xi = L(f, P ),

∑︂
i

M f
i ∆xi = U(f, P ).

Multiply (∗) by ∆xi and sum over i:∑︂
i

(︃
mfn

i − ε

3(b− a)

)︃
∆xi ≤

∑︂
i

mf
i ∆xi ≤

∑︂
i

M f
i ∆xi ≤

∑︂
i

(︃
M fn

i +
ε

3(b− a)

)︃
∆xi,

L(fn, P )−
∑︂
i

ε

3(b− a)
∆xi ≤ L(f, P ) ≤ U(f, P ) ≤ U(fn, P ) +

∑︂
i

ε

3(b− a)
∆xi,

L(fn, P )− ε

3
≤ L(f, P ) ≤ U(f, P ) ≤ U(fn, P ) +

ε

3
.

Let n = N . Since fN ∈ R([a, b]), there exists P with

U(fN , P )− L(fN , P ) <
ε

3
.

Therefore
U(fn, P ) +

ε

3
≤ L(fn, P ) +

ε

3
+

ε

3
.

Hence
|L(f, P )− U(f, P )| < ε,

which shows that f ∈ R([a, b]).
We have now that

L(fN , P )− ε

3
≤ L(f, P ) ≤

∫︂ b

a

f dx ≤ U(f, P ) ≤ U(fN , P ) +
ε

3
,

so ⃓⃓⃓⃓∫︂ b

a

f dx−
∫︂ b

a

fN dx

⃓⃓⃓⃓
≤ ε

choosing N such that

U(fN , P )− L(fN , P ) <
ε

3
, L(fn, P ) ≤

∫︂ b

a

fn dx ≤ U(fn, P ).

Q.E.D.

Example 10: Let

En(x) =
n∑︂

k=0

xk

k!
, E(x) =

∞∑︂
k=0

xk

k!
.

By the Weierstrass M -test, En → E uniformly on any interval [−L,L], so∫︂ b

a

En dx =
n∑︂

k=0

∫︂ b

a

xk

k!
dx −→

∫︂ b

a

E(x) dx.
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