Lecture 21: Integrals and Derivatives under Uniform
Convergence

Conor

August 27, 2026

1 Two Notions of Convergence
Let f,: I — R and f: I — R. There are two notions of convergence.

1. Pointwise convergence: f, — f, with z fixed.

2. Uniform convergence: for all z,
Ve >0 dN such that n > N = |f, — f| <e VYa.
Example 1: Let [ = [0,1] and

0 0<z<1,
1 »=1.

fn(x) =a", f(m) = {

Then f, — f pointwise, but f, /4 f uniformly.

Note: Pointwise convergence is not enough to guarantee that the limit of continuous
functions is continuous.

2  Uniform Limits of Continuous Functions

Theorem 2: Let f,, f: I — R with
(a) f, are continuous,

(b) f. — [ uniformly.
Claim 3: f is also continuous.
Proof. Given € > 0, there exists N such that if n > N,
fule) = fl@)| <5 Ve el

This comes from the definition of uniform convergence.



Since fy is continuous, then for any fixed xy there exists § > 0 such that

0= ao| <8 = |fn(@) - flwo)| < 3.

by the definition of continuity. So for |z — z¢| < 9,

[f(x) = f(xo)| < |f(z) = fn(z) + fn(z) — fn(zo) + fv(wo) — f(20)]
<|f(x) = fn(@)| + [fn(x) = fn(2o)| + | f(w0) — f(20)]
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Q.E.D.
Example 4: Let

e
I

0
The E,(z) are all continuous, and by the Weierstrass M-test E,, — E, where

k

gy
k=0

is uniform on any fixed interval [—L, L]. By the theorem just proved, E(z) is also con-
tinuous.

3 The Metric Space C([a, b))
Let I = [a,b]. Then C(Ja,b]) has a natural metric: for f, g € C([a, b)),
d(f,g) = max{|f(z) — g(z)| |z € T }.
Proposition 5: f, — f uniformly <= f, — f in the metric space (C([a,b]),d).

Proof.
(@) = fu(z)] <& Vo <= d(fa f) <e Va.

Therefore if f, — f uniformly, then d(f, f,,) — 0, which holds if and only if f,, — f in
the metric space. Q.E.D.

Theorem 6: The metric space (C([a,b]),d) is Cauchy complete.
Proof. Let f, € C(Ja,b]) be a Cauchy sequence. Then there exists f € C([a,b]) with

fn — f in the metric d.
We first construct f as follows. Fix = € [a,b]. Then

|fn(x> - fm<x>| < Zrél[%?é]{’fn@) - fm<z>|}‘

Claim 7: This implies f,(z) € R is a Cauchy sequence in R.



This is the case because, given € > 0, since f, is a Cauchy sequence in (C([/),d) there
exists N such that for n,m > N,

[fu(@) = fm(2)] < d(fn, fn) <€

Since R is Cauchy complete and f,(z) is a Cauchy sequence, f,(z) — f(x), so f, — f
pointwise.

Given e > 0, since f, is a Cauchy sequence in (C(I),d), there exists N such that for
n,m> N,

| fo(@) = fn(2)] < g V.

Fix n > N and let m — oc:

fale) = f@)] S 5 Vo = sup|fale) = f(2)] < %

d(fn, f) <

DO ™

This is the same as saying f, — f uniformly, and therefore f is also continuous. Q.E.D.
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Remark: g a,x" inside the radius of convergence.
n=0

4 Integration under Uniform Convergence

Theorem 8: Let [a,b] be given, f, € R([a,b]), and f, — f uniformly.

Claim 9: f € R([a,b]) and

f dr = lim fn dx.

n—oo

Proof. We want to show f € R([a,b]). Use that all we need to show is: given ¢ > 0,
there exists a partition P of [a, b] such that

U(f,P)—L(f,P)<e
Since f,, — f uniformly, there exists N such that for n > N,

£

() — < -
ule) = o] < 35
Let P have dividing points z;, with subintervals [x;_, z;]. Then

SO

Mif = sup f< sup fau(x)+ = Mif" + .
[1i—1,24] [®i—1,;] S(b - CL) 3(b - a)

Likewise for the infimum, with m = infy, | 4, f and mf "
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fn < <m! <M <y =
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Recall
> mlAw;=L(fP), Y M/ Az =U(f,P).

Multiply (%) by Az; and sum over i:

ZZ.: (mf - 3(55_ a)) B = Zi:m’f A= ;Mif A s Z (M"f" " 3(b€— a)> A

L(fn,P)—Zg(b )AxZ<L(fP)<U(fP)<Ufn, +Z b_ sz,

L(fasP) = 5 < L(f,P) S U(f.P) S U(fu P) +
Let n = N. Since fy € R([a,b]), there exists P with

[GSENO)

U(vap) _L(fN7P) <
Therefore

€
3
Hence

which shows that f € R([a,]).
We have now that

b
L(fx,P) =5 SLULP) < | fde SU(fP) S U(fw. P)+ <,
SO
b b
/ fdx — fvdz| <e
choosing N such that
€
U P) = Wi P) < 5 Ui D)< [ e SUGLP)

Q.E.D.
Example 10: Let

Tw eXa

By the Weierstrass M-test, £, — F uniformly on any interval [—L, L]

/de Z/a dx—>/



