Lecture 19: Fundamental Theorem of Calculus

Conor

August 27, 2026

1 Recap: Riemann Integral

Let f : [a,b] — R bounded, P a partition a = zo < 27 < --+ < x, = b, with M; =
SUD[, 4] fymy=inf,,_ .0 f, Aw; = x; — 2,1, and

U(f,P)=) MAwi,  L(f,P)=) milu,
The upper and lower integrals are

Sufde=infU(f,P),  Shfde=supL(f,P),
P
and f € R([a,}]) <> S.fdx = S"fdx.

2 Properties of the Integral
1. f€R(la,b]),c€e R = cf € R([a,b]) and [*(cf)dx = c [’ fda.
2. f,g € R(la,b)) = f+g¢€R(a,b])and ['(f+g)de= [ fdz+ [ gdr.
3. f.g€ R(la,b), f<g = [} fdu < [ gdu.
4 feR(ab),a<c<b = ['fdr= [ fde+ [ fdaz
Lemma 1: f € R(|a,b]) <= for all e > 0 there exists P with U(f, P) — L(f, P) < e.

Proof of (2). Given e > 0: since f € R([a, b]) there exists Py with U(f, P)—L(f, P1) < 5;
likewise since g € R([a,b]) there exists P, with U(g, P,) — L(g, P») < 5. Let P be the
partition that has all the dividing points of P; and P (a refinement of both). Then

U(f, P) = L(f,P) <U(f, P1) — L(f, P1) < 3,
U(g,P) — L(g, P) <Ul(g, P») — L(g, P») < 5.

On a subinterval [z;_1, z;],

m{+mf§[ inf (f+9)<f+g< sup (f~|—g)§supf+supg:Mif+Mig,

Ti—1,T; (1,24



SO
m! +mf <m! < M/ < M+ MY

Therefore
U(f+g,P)— L(f + 9. P) = M{* Az; — m! P Ax; < (M + M?)Ax; — (m] +m)Aa;
= M/ Ax; — m! Ax; + M Ax; + mfAx;

Proof of (4). Given € > 0, since f € R([a,b]) there exists P with U(f, P) — L(f, P) < e.
Let P* be the refinement that, in addition to all the dividing points of P, also has c as a
dividing point, so U(f, P*) — L(f, P*) < e. Splitting at c,

U(f, P*Nla,d) +U(f, P* 0 [c,0]) = U(f, P7),

L(f, P*Nla,c]) + L(f, P* N [e, b]) = L(f, P),

(U(f, P*Na,c]) = L(f, P*N[a,c])) + (U(f, P* N [e,b]) — L(f, PN e, b)) <e.

Hence facfda: + fcbfda: < ¢ (i.e. f is integrable on each piece and the integrals add).

Q.E.D.

Corollary 2 (of (3)): If f,|f| € R([a,b]), then
[ < [ina

Proof. () f < |f| for all z; (+%) — f < |f| for all z. By (%) and (3),
/abfdxﬁ/ab|f|dﬂf-

By (xx) and (3),

- abfdxz/ab<—f>dxs/ab|frd:c — —/abfd:cs/ab\frdx,
which gives the claim. Q.E.D.

3 Fundamental Theorem of Calculus, Version 1

How to evaluate integrals?

Theorem 3 (FTC, Version 1): Let f be continuous on [a, b], and define F(z) = [ f(s)ds,
F :la,z] = R. Then F is differentiable and F' = f.



Fx) — F(wo)

r — 2o

F(x)—F(xo):/:f(s) ds—/:of(s) ds
=/jof(S)dSJr/z:f(S)ds—/:Of(S)ds=/g:f(S)ds

Proof. Want to show F” exists at xy. Consider . Assume x > xy. Then

Bounding,
/ 1nffds</f ds</ sup fds,
2o [0l o [20,2]
i.e.
([inf] f) (x —x0) < F(z) — F(xg) < ({sup] f) (x — z9),
T0,T To,T
SO

if f< F@=Fl@) o

[x0,7] r—Xo [@0,]

Take the limit as x — x(: since f is continuous,

inf f— f(vo),  sup f— f(wo),

[zo,2] [z0,2]

so the difference quotient is squeezed and must then also go to f(xo). Q.E.D.

4 Fundamental Theorem of Calculus, Version 2

Theorem 4 (F'TC, Version 2): Let F': [a,b] — R with F' = f existing and f € R([a,b]).
Then ,
= / f(x)dx

(Proof skipped for time.)

Example 5:

1
2 _13‘1_1
/Oa:dw—3a: 0= 3

where the evaluation step uses FTC Version 2.

5 Improper Integrals

Two cases: (1) the interval is unbounded; (2) the function is unbounded.

Case 1: unbounded interval
f € R([a,b]) for all b > a (a fixed). Does [ fdx make sense? Yes, if lim, o fabfdx

exists.



Case 2: unbounded function

f € R([c,b]) for all @ < ¢ < b. Then fabf(w) dz is defined if lim,_,, fcb f(x)dx exists.

Example 6: On [1,00), f(z) = 5. Does [~ % dx exist? With F(z) = —1, F/ = &,
b
_ 1o 1
F(b)—F(l)_/l Lir=-14151,
so the integral converges to 1.

Arc length can be defined as follows: for v(s) = (f(s), g(s)),

L= / VIPER T (@) ds.



