
Lecture 18: Integrable Functions

Conor

August 27, 2026

1 Riemann Integrals (recap)

Let f : [a, b] → R and P a partition of [a, b],

a = x0 < x1 < x2 < · · · < xn = b,

with dividing points, subintervals [xi−1, xi], and∆xi = xi−xi−1. Restricting f to [xi−1, xi],
set

Mi = sup
[xi−1,xi]

f, mi = inf
[xi−1,xi]

f,

and form the upper and lower sums

U(f, P ) =
n∑︂

i=1

Mi∆xi, L(f, P ) =
n∑︂

i=1

mi∆xi.

Since mi ≤ Mi, we have L(f, P ) ≤ U(f, P ).
P1 is a subpartition (re�nement) of P if P1 has the same dividing points as P and

then some more.

2 Re�nement Inequalities

For P1 a re�nement of P ,

L(f, P1) ≥ L(f, P ), U(f, P1) ≤ U(f, P ).

When a new point y splits [xi−1, xi] into [y, xi] (width y − xi−1) and [xi−1, y] (width
xi − y),

L(f, P1) = inf
[y,xi]

f (y − xi−1) + inf
[xi−1,y]

f (xi − y)

≥ mi(y − xi−1) +mi(xi − y) = mi(xi − xi−1) = mi∆xi.

The same logic applies to the sup. So as we re�ne, L and U tend toward each other.
From here, we may turn the

∑︁
into an S (integral). f is said to be Riemann integrable

(f ∈ R([a, b])) if

Sb
af dx = S

b

af dx.

In general,

Sb
af dx ≤ S

b

af dx,

and importantly L(f, P ) ≤ U(f, P ∗) for any two partitions P , P ∗.
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Proof. P is a partition, P ∗ is a partition. Let P̄ be the partition that has all the dividing
points of both P and P ∗, so P̄ is a re�nement of both. Then

L(f, P ) ≤ L(f, P̄ ) ≤ U(f, P̄ ) ≤ U(f, P ∗),

so L(f, P ) ≤ U(f, P ∗). Taking sup/inf,

L(f, P ) ≤ inf
P ∗

U(f, P ∗) = S
b

af dx, Sb
af dx = sup

P
L(f, P ) ≤ S

b

af dx.

Q.E.D.

Example 1: f : [0, 1] → R,

f(x) =

{︄
1 x rational,

0 otherwise.

Claim 2: f(x) is not Riemann integrable.

On any subinterval [xi−1, xi], Mi = 1 and mi = 0, so

U(f, P ) =
∑︂

Mi∆xi =
∑︂

∆xi = 1, L(f, P ) =
∑︂

mi∆xi = 0.

3 The Cauchy Criterion for Integrability

Lemma 3: f : [a, b] → R. Then f ∈ R([a, b]) if and only if for all ε > 0 there exists a

partition P with

U(f, P )− L(f, P ) < ε.

Proof. If f is Riemann integrable,

sup
P

L(f, P ) = Sb
af dx = S

b

af dx = inf
P

U(f, P ).

Given ε > 0 there exists P1 with L(f, P1) ≥ S
b

af dx − ε
2
. Likewise there exists P2 with

U(f, P2) ≤ S
b

af dx + ε
2
. Let P be the partition of all the dividing points of P1 and P2.

Then
L(f, P1) ≤ L(f, P ) ≤ U(f, P ) ≤ U(f, P2),

so

U(f, P )− L(f, P ) ≤ U(f, P2)− L(f, P1)

≤
(︂
U(f, P2)− S

b

af dx
)︂
−
(︂
L(f, P1)− S

b

af dx
)︂

≤ ε
2
+ ε

2
= ε.

Q.E.D.
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4 Continuous Functions are Integrable

Theorem 4: Any continuous function on [a, b] is Riemann integrable.

In the proof we will need uniform continuity.

De�nition 5: Let f : I → R. f is said to be uniformly continuous if for all ε > 0 there
exists δ > 0 such that

|x− y| < δ =⇒ |f(x)− f(y)| < ε.

To understand the di�erence:

Example 6: f(x) = x2 on R. If f were uniformly continuous, then for a given ε > 0
there would be a single δ with |f(x+ δ)− f(x)| < ε for all x. But

(x+ δ)2 − x2 = x2 + δ2 + 2xδ − x2 = δ2 + 2xδ,

which is not < ε for all x (it grows with x).

Example 7: f(x) = 1
x
, x ∈ (0, 1], is also not uniformly continuous.

Note: In my own words, a uniformly continuous function is one that allows any size δ
to satisfy an ε; in other words, the function cannot have exponential growth.

Take xn = 1
n
, yn = 1

2n
. Then |xn − yn| < 1

n
, but with f(xn) = n, f(yn) = 2n,

|f(xn)− f(yn)| = n.

Theorem 8: If f : [a, b] → R is continuous, then f is uniformly continuous.

Note: a compact interval is one that is bounded and closed.

Proof. Suppose not; then there exists ε > 0 such that for all δ > 0 there exist x, y ∈ [a, b]
with |x− y| < δ and |f(x)− f(y)| ≥ ε. Use this for δ = 1

n
, n ∈ N: get xn, yn ∈ [a, b] with

|xn − yn| < 1
n
and |f(xn)− f(yn)| ≥ ε > 0.

By the Bolzano�Weierstrass theorem, xnk
→ x. Then

|ynk
− x| ≤ |ynk

− xnk
|+ |xnk

− x| < 1
nk

+ |xnk
− x| → 0,

so ynk
→ x as well. Since f is continuous, f(xnk

) → f(x) and f(ynk
) → f(x). However,

now for the �xed ε > 0, the statement |f(xnk
) − f(ynk

)| ≥ ε cannot be satis�ed � a
contradiction. Q.E.D.

Proof that continuous =⇒ Riemann integrable. We showed earlier that we need only
show: given ε > 0, there exists P with U(f, P ) − L(f, P ) < ε. Given ε > 0, since f is
uniformly continuous, there exists δ > 0 such that if |x− y| < δ then

|f(x)− f(y)| < ε

b− a
.
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Let P be a partition where each ∆xi ≤ δ. On [xi−1, xi] (of width at most δ), with
Mi = sup f = f(y) and mi = inf f = f(y∗),

Mi −mi = f(y)− f(y∗) <
ε

b− a
.

Then

U(f, P )−L(f, P ) =
∑︂

Mi∆xi−
∑︂

mi∆xi =
∑︂

(Mi−mi)∆xi <
ε

b− a

∑︂
∆xi =

ε

b− a
(b−a) = ε.

Q.E.D.

5 Properties of the Integral

Theorem 9: 1. If f ∈ R([a, b]) and c ∈ R, then cf ∈ R([a, b]) and∫︂ b

a

(cf) dx = c

∫︂ b

a

f dx.

2. If f, g ∈ R([a, b]), then f + g ∈ R([a, b]) and∫︂ b

a

(f + g) dx =

∫︂ b

a

f dx+

∫︂ b

a

g dx.

3. If f, g ∈ R([a, b]) with f ≤ g, then∫︂ b

a

f dx ≤
∫︂ b

a

g dx.

4. If f ∈ R([a, b]) and a < c < b, then f ∈ R([a, c]) and f ∈ R([c, b]), with∫︂ b

a

f dx =

∫︂ c

a

f dx+

∫︂ d

c

f dx.
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