Lecture 16: Rolle’s Theorem; Mean-Value Theorem:
Taylor Expansion

Conor

August 27, 2026

1 Recap
f(@) — f(xo)

r — Xy

Let f: R — R, zop € R. If f is differentiable at z(, then has a limit as

Tr — Xg.
Lemma 1: If f is differentiable at x, it is also continuous at x.

We also had the four derivative rules, and the local max-—min definition.
Let f : [a,b] — R be differentiable. We say a max exists if there exists 6 > 0 such
that

maxf’[zo_é’m%} = max f.

This also applies, with obvious changes, to a minimum.

2 Critical Points

Lemma 2: If f : [a,b] — R is differentiable and has a local maximum/minimum at
xo € (a,b), then f'(x¢) = 0.

Proof. Assume that f has a local maximum at x,. For x > zy and f sufficiently close,

f(z) — f(xo)

r — Xy

<0.

Now take x < xg and sufficiently close,

f(@) — f(@o)

r — X

> 0.

Thus f'(x¢) = 0. Q.E.D.

Critical points are where f'(zg) = 0.

Example 3: f(z) = 2%, f'(x) =2z, so z = 0 is a critical point.



3 Rolle’s Theorem

Theorem 4 (Rolle’s theorem): Let f : [a,b] — R be differentiable with f(a) = f(b).
Then there exists xy where a < xo < b and f'(xg) = 0.

Proof. Three cases to consider:
L f = fa);
2. x| f(x) > fa) = f(b);
3. Ju [ fx) < fla) = f(b).

For case (1) we already know f’ = 0 everywhere. For case (2), by the extreme value
theorem f attains a maximum somewhere in the interior (it has to come back down to
f(b)), and f" = 0 there. Same for case (3). Q.E.D.

4 Mean Value Theorem

First consequence of Rolle’s theorem:

Theorem 5 (Mean Value Theorem): Let f : [a,b] — R be differentiable. Then there
exists x where a < x < b and

oy~ L=t
Proof. Set
) = f(@) - L0 T,y
Then )
o) = fa) - 10D 0y — ),
) = 16~ LD 60— )~ (56) - @) = 1ta)
So h(a) = h(b). By Rolle’s theorem, h'(x) = 0 for some = where a < x < b, and
W) = i) - PO g

Q.E.D.

5 Cauchy Mean Value Theorem

Theorem 6 (Cauchy Mean Value Theorem): Let f, g : [a,b] — R be differentiable. Then
there exists xo with a < zo < b and

f'(x0)(g(b) — g(a)) = ¢'(x0) (f(b) — f(a)).
Observe that if g(b) # g(a) and ¢'(xo) # 0,

f'xo) _ f(0) = f(a) _ f(b)=fla) _b—a
g/

o) B
(zo)  g(b)—gla)  b—a  g(b)—gla)




Proof. Set

Then
W(x) = f'(x)(g(b) — g(a)) — ¢'()(f(b) — f(a)).
Want to find z with h'(x¢) = 0.

h(a) = f(a)(g(b) = g(a)) = g(a)(f(b) = f(a)) = f(a)g(b) — g(a)f(b),
)=/ =

h(b) = F(0)(g(b) = g(a)) — g(b)(f(b) = f(a)) = —g(a)f(b) + g(b) f(a),
so h(a) = h(b). By Rolle’s theorem we can now use the same method as we did in MVT
to prove this. Q.E.D.

6 Taylor Expansion (Special Case)

Let f: R — R differentiable with ' : R — R also differentiable.

Idea. We want to say that f locally can be approximated by a polynomial, for f near
2o. The Taylor polynomial at xg:

Pi(x) = f(xo) + f'(20)(x — o),

the first-order Taylor expansion at zg. Idea: f(z) ~ Pi(z) if = = xo.

Theorem 7: There exists ¢ between a and b (a < ¢ < b) such that

ARG

f(b) = Pi(b) + 5

(b—a)’.

Proof. Define M by o
FO) = Pi) = 50— a)?

M
i.e. by definition f(b) = P;(b) + E(b —a)?. Need to show M = f"(c). Set

h(z) = f(x) — Pi(a) oz — )"

Then

h(b) = f(b) — P(b) — %(b —a)®>=0 (by definition of M),

h(a) = f(a) = Pi(a) = 0.
By Rolle’s theorem there exists ¢; between a and b with h'(¢;) = 0. Now

W(x) = f'(x) — f'(a) = M(z —a),

so h'(a) = 0 and h'(c;) = 0. By Rolle’s theorem a second time, there exists co = ¢ with
h"(c) = 0. Since

W(a)=f'@) =M, 0=K'(c) = f'(c)— M — M= f"(0)
Q.E.D.



7 Taylor Expansion (General Case)

Let f: R — R and assume f is differentiable all the way up to f* (which exists). On
[a, b], define the Taylor polynomial

" (3) (k—1)
Peale) = f(@) + f@) e~ a) + DD o o T o gy T gy
6 (k—1)!
k—1 () '
SO,y

=0

Theorem 8 (Taylor Expansion): Let f : R — R. Then
(k)
£6) = Ba) + T -t
where a < ¢ < b.
Proof. Define M by
F(b) = Per(d) + 70— a)
Set M
hz) = f(x) = Per(z) — H(l' —a)*
By definition of M, h(b) = 0, and
h(a) = F(a) ~ Pis(a) — (0 — )" =0,

For a < ¢; < b: h'(c;) =0 and h'(a) = 0, which gives a < ¢y < ¢4, etc. Q.E.D.



