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Bolzano—Weierstrass Theorem in a Metric Space
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1 Covers and Compactness (recap)

Let (X, d) be a metric space. A cover of X is a collection of subsets U, with X C |, U,.
An open cover is a cover that consists of open subsets. We say that A C X is compact if
every open cover of A has a finite subcover.

Theorem 1: Let (X,d), A C X. If A is compact, then A is bounded and closed. In R"™
with the usual Euclidean metric the converse is also the case, but in general not.

Example 2: C([0,1]), f,g € C([0,1]), d(f, 9) = maxgep1 |f(x) — g(x)|. The closed ball

{f € C([0,1]) [ d(f,0) < 1} = By(0)

is closed. For each n € N, define f,, € C([0,1]) by

1 0<z< 4,
fo=q1=nn+1)(z - —5) 45 <z<i
0 L<z<l

Then
d(fnafn-i—l) = m3X|fn($) - fn+1($)| = 17

SO fry1 & Bija(fn). With Bi(0) = Ufes, o) Br/2(f), using the properties of f, it follows
that finitely many of these balls do not cover B;(0).

Note: This makes zero sense, I do not understand what is above or how it relates to the
topics of this lecture.

2 Bolzano—Weierstrass in a Metric Space

The Bolzano—Weierstrass theorem for a metric space holds when (X, d) is compact.

Theorem 3: Let (X, d) be a metric space. If A C X is compact, then any sequence in
A has a convergent subsequence.



Lemma 4: Let (X,d), A C X compact. Let C; be a nested sequence of closed subsets
of A (i.e. C; C X, {Ci}iz10,. with Cipq C C;). Assume also that C; # ().

Claim 5: (), C; # 0.
Proof. Since C; is closed, B; = X \ C; is open, and B; C B;yy. If (), C; = 0, then

AclJx\a).

N
B;
Since A is compact,
AC|JBa C By = (X\Cy),

so Oy NA=10. Since Cy C A, this gives Oy = Cy N A = (), a contradiction. Q.E.D.

Corollary 6: Let (X,d) be a metric space, A C X compact. Let C; = B, (x;) with
Bri+1 (Jizurl) - Brz(xl) and r; — 0.

Claim 7: (), B,,(z;) = {z}.
Proof. N, By, (z;) # 0 follows from the lemma. Q.E.D.

Note: This proof is pretty trivial and obvious.

3 Idea of the Proof of the Metric B-W Theorem

Let (X,d), A C X compact, and x,, a sequence contained in A. Want to find a convergent
subsequence.

Before the proof. Forr > 0, A C U,  B:(y), so finitely many cover A since A is
compact:
AC B (y1) U+ U B (ym)-

For one of these balls there exist infinitely many elements of the sequence — meaning for
one of these balls there are infinitely many n such that x, € B,(y;). Therefore there
exists a subsequence of the given sequence that is contained in this ball.

Recall: (X,d) a metric space, A a compact subset, B a closed subset of X. Then

AnNnB CA
—

compact N closed

is compact. Cover B,(y;) by balls of radius %5 then B.(y;) N A is compact.
The scheme:

1. A is compact.
2. B,(y,) contains a subsequence of z,,.
3. B,(y;) N A is compact.

4. Cover it by finitely many balls of radius 7.
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5. A subsequence of the subsequence lies in one of these finitely many balls of radius

1

Iterating, B B
A~ Bi(y;) ~ Bra(z), By ja(21) € Bay(y;).

Proof. AC X, {x,} C A, r = 1. Successively covering by balls of shrinking radius gives
a nested sequence of closed balls

Q.E.D.



