Lecture 12: Convergence in Metric Spaces;
Operations on Sets

Conor

August 12, 2026

1 Course Map

1. R is an ordered set and field.
2. Sequences and limits.
3. Series.

4. Metric spaces.

2 Metric Spaces (recap)

Definition 1: Let X be a set. A metric is d: X x X — R satisfying, for z,y, 2z € X:
1. d(z,y) >0, and d(z,y) =0 <= x =y;
2. d(z,y) = d(y,z);
3. d(z,z) < d(x,y) +d(y, 2).

Example 2: X =R, z,y € R, |z — y| = d(z,y).

Example 3: X = R", 2,y € R", x = (21,22, ...,2,),y = (Y1,Y2, - - -, Yn) With z;, y; € R:

Let (X,d) be a metric space. A sequence is a map f : N — X, z, = f(n). A
subsequence of f is given by a strictly increasing map g : N — IN, written f(g(n)).

3 Convergence and Cauchy Sequences

Definition 4: A convergent sequence in a metric space (X,d): if x, is a sequence in X,
then we say x,, — x if the following holds:

Ve >03dN |n> N, d(z,,z) <e.
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Definition 5: A Cauchy sequence in a metric space (X, d) is a sequence x,, such that
Ve >0dN |m,n > N, d(z,,x,) <e€.
Theorem 6: In (X, d), any converging sequence is also a Cauchy sequence.

Proof. Given ¢ > 0. Since x, — z, there exists N such that if n > N, d(z,,z) <
Therefore, if m,n > N,
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Q.E.D.

Cauchy convergence theorem. If (X,d) = (R,|-|), then we have the converse, i.e.
any Cauchy sequence is convergent.

Example 7: X = (0,1), d = | -|. Then z, = < is a Cauchy sequence that is not

convergent.

Definition 8 (Cauchy complete): (X, d) is Cauchy complete if every Cauchy sequence
is convergent.

4 Metric Balls and Bounded Sets
Definition 9 (Metric ball): Let (X,d), z € X, r > 0. Then

By (x) ={y € X | d(z,y) <r}
is a metric ball with radius r and center x.

For X = R? this is a disk; for X = R? a ball (an r-tubular neighborhood, r > 0).

Definition 10 (Bounded subset): Let (X,d) and A C X. We say that A is bounded if
there exist x € X and d > 0 such that A C By(x).

Lemma 11: Let (X, d) and let z,, be a Cauchy sequence. Set A = {z,, | n € N} C X.
Then A is bounded.

Proof. Since z,, is a Cauchy sequence (with e = 1), there exists N such that if n,m > N,
d(xy, x,) < 1. In particular, for n > N, d(x,,zy) < 1. Set

T:1+maX{d(xN7xi)‘i:1727"'7N_1}7 r>0.

Claim A C B,(zn): need to show that for all n, d(x,,xy) < r. For n > N we have
d(xp,xy) <1 <r;forn <N —1, d(z,,zn) < r by construction. Q.E.D.



5 Open and Closed Sets

The Bolzano—Weierstrass theorem does not hold in a general metric space, but it does
hold if the metric space is compact. We need the notion of an open subset of a metric
space.

Definition 12: Let (X,d). O is said to be an open subset if for all x € O there exists
r > 0 such that B,.(z) C O.

Note: () and X are open subsets.
Lemma 13: Let (X,d), x € X, r > 0. Then B,.(z) is open.

Proof. Let y € B,.(x), so d(x,y) < r. Want to show that for some s > 0, By(y) C B,(x).
Set s = r —d(x,y). Take z € By(y); need to show z € B,.(z). By the triangle inequality,

d(w,z) <d(z,y) +d(y,z),  dy,z) <s,

d(z,2) < d(x,y)+s=d(z,y)+ (r —d(z,y)) =r,

i.e. d(z,z) <r. Hence Bs(y) C B,(x). Q.E.D.
Definition 14: Let (X,d). C' C X is said to be closed if the complement of C' is open:

C'={zreX|z¢C}

6 Operations on Subsets of a Given Set
Let X be a set, U;,U; C X.
UyuUs ={zx € X |z €U orzeUorboth} (union),

UyNUy={ze€ X |z €U, and z € Uy} (intersection).

For U C X,
X\U={zreX|z¢U}

Let U, be a family of subsets. Then

UUa:{xeX]eraforsomea}, mUa:{x€X|xEUaforalla}.
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Example 15: U, = (—l l). Then {J, U, = (—-1,1) and (N, U,, = {0}.

Lemma 16: Let X be a set with subsets A, B, A,. Then:
1. X\ (X \A) =4
2. X\ (Ua Aa) = Na(X\ Aa);
3. X\ (N Aa) = Ua(X'\ Aa).



Lemma 17: A = B is the same as proving A C B and B C A.
Lemma 18: Let (X,d). If O, are open subsets, then | J, O, is also open.
Proof. Let v € |J, On. Then x € Og for some 3, so there exists r > 0 with

B,(x) €05 C | JOu.

Q.E.D.



